Abstract. We offer various refinements of inequalities related to the Wilker, Huygens, or Lazarević type inequalities for trigonometric and hyperbolic functions.
Introduction
It is known in the literature that for x = 0 . The left-hand side inequality (1.1) first appeared in [13, p. 238] , while the right-hand side inequality (1.1) is due to Cusa and Huygens (see [20] for more details regarding this result). The first inequality in (1.2) was established by Lazarević [12] (see, e.g., [13, p. 238] ), while the second inequality in (1.2) appeared in [17] . The first inequality in (1.1) can be re-written as 
by using the arithmetic-geometric mean inequality. Inequality (1.4) was presented without proof by Wilker [22] . Wilker type inequality (1.4) has attracted much interest of many mathematicians and have motivated a large number of research papers involving different proofs and various generalizations and improvements (cf. [9, 10, 14, 15, 16, 17, 18, 21, 23, 24, 26, 27, 28, 29, 32, 33, 34] and the references cited therein). Inequality (1.5) is due to Huygens [11] . Wu and Srivastava [26, Lemma 3] established another inequality
Neuman and Sándor [17, Theorem 2.3] proved that for 0 < |x| < π/2,
By multiplying both sides of inequality (1.7) with x/ sin x , we obtain that for 0 < |x| < π/2,
The second inequality in (1.8) is equivalent to the second inequality in (1.1).
The first aim of this paper is to prove the following inequality chain.
(1.9)
The first inequality in (1.2) can be re-written as
Zhu [30] established hyperbolic versions of inequality (1.4):
Baricz and Sándor [4] have pointed out that (1.10) implies (1.11) and the following inequality 12) by the arithmetic-geometric mean inequality. Neuman and Sándor [17, Theorem 2.4] proved a hyperbolic version of inequality (1.6):
In [17, p. 719 ] the authors proved that
(1.14)
By multiplying both sides of inequality (1.14) with x/ sinh x , we obtain that for x = 0, 1 2
The second inequality in (1.15) is equivalent to the second inequality in (1.2).
In [17] not only hyperbolic versions of (1.4) and (1.5) are studied, but many other facts, e.g. Cusa-Huygens, Huygens, Wilker type inequalities and their connections to each others in the trigonometric and also the hyperbolic case. Wilker-type inequalities for hyperbolic functions were studied by Wu and Debnath [25] . Zhu [31] established some new inequalities of the Huygens type for trigonometric and hyperbolic functions. In [5, 8] inverse trigonometric and inverse hyperbolic versions of inequalities (1.4) and (1.5) were established. Very recently, Chen [6, 7] established Wilker and Huygens type inequalities for the lemniscate functions.
The second aim of this paper is to prove Theorem 1.2 below, which shows that the following inequality chain holds:
with the best possible constants
(1.19)
Lemmas
The following lemmas are needed in the sequel. 
is strictly monotone, then the monotonicity in the conclusion is also strict.
Proofs of Theorems 1.1 and 1.2
Proof of Theorem 1.1. Elementary calculations show that
where
Differentiation yields
Hence, we have for 0 < x < π/2,
Therefore, the first inequality in (1.9) holds. Elementary calculations show that
we have for 0 < x < π/2,
Therefore, the second inequality in (1.9) holds. Using the arithmetic-geometric mean inequality, yields the third inequality in (1.9). Consider the function R(x) defined by
By using the power series expansions of sin x and cos x , we have
Elementary calculations show that for 0 < x < π/2 and n 7,
Hence, for every x ∈ (0, π/2), the sequence n −→ v n (x) is strictly decreasing for n 7. Therefore, we obtain from (3.21) that
which implies R (x) > 0 for 0 < x < π/2 . Hence, the function R(x) is strictly increasing for (0, π/2), and we have
Therefore, the fourth inequality in (1.9) holds.
By using the second inequality in (1.1), we find that x = 0,
Hence, the fifth inequality in (1.9) holds. The last inequality in (1.9) is equivalent to the second inequality in (1.1) . This completes the proof of Theorem 1.1. REMARK 3.1. Neuman and Sándor [17, Theorem 2.3] proved the first inequality in (1.8), the proof is based on differential calculus. Here we present a new, algebraic proof of the first inequality in (1.8), without using derivatives. We discover the fact that the second inequality in (1.1) (i.e. the Cusa-Huygens inequality) implies the first inequality in (1.8).
REMARK 3.2. The first inequality in (1.1) can be separated. Indeed, we have
In fact, the first inequality in (3.22) may be written, after some elementary transformations, as (1 − cosx) 2 (1 + 8 cosx) > 0 for 0 < |x| < π/2 , while the second inequality in (3.22) follows from the inequality Q(x) > 0 of (3.20) .
The first inequality in (1.2) can be separated. Indeed, we have
In fact, the first inequality in (3.23) may be written, after some elementary transformations, as (1 − cosh x) 2 (1 + 8 coshx) > 0 for x = 0 , while the second inequality in (3.23) follows from the following result:
Proof of Theorem 1.2. Elementary calculations show that
Hence, we have for x > 0,
Theorem, inequality (1.17) holds.
In order to prove (1.18), we consider the function f (x) defined for x > 0 by
Elementary calculations show that
We claim that the function
is strictly decreasing on (0, ∞). By Lemma 2.1, it suffices to show that
Direct calculations show that
2 ) · 9 n + 2(n − 1) · 4 n + 10n + In order to show that c n > 0 for n 7, it suffices to show that for n 7, The proof of the inequality (3.26) is not difficult, and is left with the readers. Hence, (3.25) and (3.24) hold. This proves the claim. By Lemma 2.2, the function
is strictly decreasing on (0, ∞), and we have i.e.,
